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Abstract 

We give examples of complex hyperplane arrangements A for which the top char- 
acteristic variety, V\(A), contains positive-dimensional irreducible components that 
do not pass through the origin of the algebraic torus (C*)'" 4 '. These examples an- 
swer several questions of Libgober and Yuzvinsky. As an application, we exhibit a 
pair of arrangements for which the resonance varieties of the Orlik-Solomon algebra 
are (abstractly) isomorphic, yet whose characteristic varieties are not isomorphic. 
The difference comes from translated components, which are not detected by the 
tangent cone at the origin. 
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1 Introduction 



The characteristic varieties of a space X are the jumping loci of the cohomol- 
ogy of X with coefficients in rank 1 local systems: Vd(X) — {t G (C*) 61 ^-* | 
dime H l (X, Ct) > d}. if X is the complement of a normal-crossing divisor 
in a compact Kahler manifold with vanishing first homology, then Vd(X) is a 
finite union of torsion-translated subtori of the character torus, see [1]. If A 
is an arrangement of hyperplanes in C £ , with complement X = X(A), then 
the irreducible components of Vd(A) := Va(X) which contain the origin can 
be determined combinatorially, from the intersection lattice of A. This follows 
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Fig. 1. Generic section of deleted B3 arrangement and translated torus in V\ 

from the fact that the tangent cone to Vd{A) at 1 coincides with the resonance 
variety, TZd(A), of the Orlik-Solomon algebra (see [8] for a proof, and [18], [4], 
[19] for other proofs and generalizations). The variety TZd{A) in turn admits 
explicit combinatorial descriptions, see [11], [20]. 

It was first noted in [8] that there exists a hyperplane arrangement for which 
V2 contains translated tori. These translated tori are isolated torsion points 
in V 2 , lying at the intersection of several components of V\ which do pass 
through the origin (see Example 4.4 in [8] and Example 3.2 below). Thus, the 
question arose whether the characteristic varieties of a complex hyperplane 
arrangement may have positive-dimensional translated components, see [21], 
Problem 5.1. In this note, we answer that question, as follows. 

Theorem There exist arrangements of complex hyperplanes for which the 
top characteristic variety, V\, contains positive-dimensional irreducible com- 
ponents which do not pass through the origin. 

The simplest such arrangement is the "deleted B 3 " arrangement, V, discussed 
in Example 4.1. It is an arrangement of 8 planes in C 3 , with defining forms 
x — z, y — z, x, y, x — y + z, z, x — y — z, x — y. The arrangement V is fiber-type, 
with exponents {1, 3, 4}. The variety V\{T>) has a component parametrized by 
{{t, — t" 1 , — t -1 , t, t 2 , — 1, t~ 2 , — 1) I t G C*}. This is a 1-dimensional torus, 
translated by a second root of 1. Figure 1 depicts the real part of a generic 
2-dimensional section of V (obtained by setting z = 2x + 3y + 1), together 
with the local system corresponding to the point t G C*. 

The deleted B3 arrangement can also be used to answer Conjecture 4.4 from 
[20], and Problems 5.2 and 5.3 from [21]. 

As noted in [18], [20] (see also [11]), all the components of V\ passing through 
the origin must have dimension at least 2. On the other hand, all the positive- 
dimensional translated components that we find correspond to T> sub-arrange- 
ments, and so have dimension 1. We do not know whether translated compo- 
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nents can have dimension greater than 1, but we exhibit an arrangement where 
V\ has O-dimensional components (Example 5.1). 

The translated components in the characteristic varieties of an arrangement A 
are not detected by the tangent cone at the origin, and thus contain informa- 
tion which is not available from the Orlik- Solomon algebra of A, at least not 
directly. We illustrate this phenomenon in Example 5.3, where we find a pair 
of arrangements for which the resonance varieties are (abstractly) isomorphic, 
but the characteristic varieties have a different number of components. These 
two arrangements have non-isomorphic lattices, though. Thus, it is still an 
open question whether the translated components of Vd(A) are combinatori- 
ally determined. 

One of the main motivations for the study of characteristic varieties of a space 
X is the very precise information they give about the homology of finite abelian 
covers of X, see [17], [26]. From that point of view, the existence of translated 
components in V\ has immediate repercussions on the Betti numbers of some 
finite covers of X (those corresponding to torsion characters belonging to that 
component). But it also affects the torsion coefficients of some abelian covers 
of X, and the number of certain metabelian covers of X. These aspects are 
pursued in joint work with D. Matei, [24]. The starting point of that paper was 
the discovery of 2-torsion in the homology of certain 3-fold covers of X(T>). 
We were led to the translated component in V\ (T>) by an effort to explain that 
unexpected torsion. 



2 Characteristic varieties and hyperplane arrangements 

We start by reviewing methods for computing the fundamental group, the 
characteristic varieties, and the resonance varieties of a complex hyperplane 
arrangement. 

2.1 Characteristic varieties 

Let X be a space having the homotopy type of a connected, finite CW- 
complex. For simplicity, we will assume throughout that H — Hi (X, Z) is 
torsion free. Set n = bi(X), and fix a basis {t 1? ...,t„} for H = Z n . Let 
G = Ki(X) be the fundamental group, and ab : G — > H the abelianization 
homomorphism. 

Let C* be the multiplicative group of units in C, and let Hom(G, C*) be 
the group of characters of G. Notice that Hom(G, C*) is isomorphic to the 
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affine algebraic group Hom(if, C*) = (C*) n , with coordinate ring CH = 
C[tf \ . . . , t* 1 ]. For each integer d > 0, set 

V d (X) = {t = (t 1 ,...,t n )e (C*) n | dim c H\G, C t ) > d}, 

where Ct is the G-module C given by the representation G — ^^Z n — ^-*-C*. 

Then Vd(X) is an algebraic subvariety of the complex n-torus, called the d- 
th characteristic variety of X. The characteristic varieties form a descending 
tower, (C*) n — Vq D Vi D • • • D V n -\ D V n , which depends only on the 
isomorphism type of G = tti(X), up to a monomial change of basis in (C*) n , 
see [22]. 

As shown in [15], the characteristic varieties of X may be interpreted as the 
determinantal varieties of the Alexander matrix of the group G = tti(X). 
Given a presentation G = (x±, . . . ,x m | n, . . . ,r s ), the Alexander matrix is 

the s x m matrix A = (J^ 1 ) , with entries in Cft^ 1 , . . . , t^ 1 ], obtained by 
abelianizing the Jacobian of Fox derivatives of the relations. Let A(t) be the 
evaluation of A at t e (C*) n . For < d < n, we have 

V d (X) = {t G (C*) n | rankA(t) < m - d}. 

Remarkably, the existence of certain analytic or geometric structures on a 
space puts strong qualitative restrictions on the nature of its characteristic 
varieties. There are several results along these lines, due to Green, Lazarfeld, 
Simpson, and Arapura. The result we need is the following: 

Theorem (Arapura [1]) Let X be the complement of a normal- crossing 
divisor in a compact Kahler manifold with vanishing first homology. Then each 
characteristic variety Vd(X) is a finite union of torsion-translated subtori of 
the algebraic torus (C*) 6l(x) . 

2.2 Fundamental groups of arrangements 

Let A = {Hi, . . . , H n } be an arrangement of (affine) hyperplanes in C £ , £ > 2, 
with complement X(A) = C £ \U™=i H^. We review the procedure for finding the 
braid monodromy presentation of the fundamental group of the complement, 
G(A) = tt 1 (X(A)). This presentation is equivalent to the Randell-Arvola pre- 
sentation (see [6]), and the 2-complex modelled on it is homotopy-equivalent 
to X = X(A) (see [16]). Since we are only interested in G = G(A), the 
well-known Lefschetz-type theorem of Hamm and Le allows us to assume that 
£ = 2, by replacing A with a generic 2-dimensional slice, if necessary. 
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Let vi, . . . , v s be the intersection points of the lines of A. The combinatorics of 
the arrangement is encoded in its intersection poset, L(A) = {Li(A), L 2 (A)}, 
where L\ = n := {l,...,n} and L 2 = {Ii,...,I s }, with I k = {i G n | 
Hi Pi Vk 7^ 0}. Choosing a generic linear projection p : C 2 — > C, and a 
basepoint y E C such that Re(y ) > Re(p(i>i)) > ••• > Re(p(v s )) gives 
orderings of the lines and vertices, which we may assume coincide with the 
orderings specified above. Choosing also a path in C, starting at yo, and pass- 
ing successively through p(vi), . . . ,p(v s ) gives a "braided wiring diagram," 
W(A) = {h, Pi, h, ■ ■ ■ , As-i, I s }, where (3k are certain braids in the Artin 
braid group B n . 

Let {A,j}i<i<j<n be the usual generating set for the pure braid group P n , as 
specified in [2]. More generally, for / C n, let Aj e P n be the full twist on 
the strands indexed by /. The braid monodromy presentation of G = fti{X) 
is given by: 

G = (xi, . . . ,x n | etk(xi) = Xi for i e h \ {max/J and k e s), (1) 

where each a k is a pure braid of the form A\ k k = 5^ 1 Aj k 5k, acting on F n = 
(xi, . . . , x n ) by the Artin representation P n <^-> Aut(F n ). The conjugating 
braids 5k may be obtained from W, as follows. 

In the case where A is the complexification of a real arrangement, W may be 
realized as a (planar) wiring diagram (with all f3 k = 1), in the obvious way. 
Each vertex set I k € W gives rise to a partition n = I' k U I k U into lower, 
middle, and upper wires. Set 4 = {« G | min/ fc < i < max/ fe }. Then 5 k 
is the subword of A n = 117=2 n}=\ given by 5 k = Uiei k UjeJ k A j,h see [9] 
(and also [6]). In the general case, the braids fli, . . . , (3 k -\ must also be taken 
into account, see [6] for details. 

2. 3 Characteristic and resonance varieties of arrangements 

For an arrangement A, with complement X = X(A), let V d (A) := V d (X). 
In equations, V d (A) — {t e (C*) n | rankA(t) < n - d}, where A is the 
Alexander matrix corresponding to the presentation (1) of G = tti(X). By 
Arapura's Theorem, V d (A) is a finite union of torsion-translated tori in (C*) n . 
Denote by V d (A) the union of those tori that pass through 1, and by V d (A) 
the tangent cone of V d (A) at 1. Clearly, V d (A) is a central arrangement of 
subspaces in C n . The exponential map, exp : Tx((C*) n ) = C n -> (C*) n , 
Xi I— > e 27riA ^ = tj, takes each subspace in Vd(^4) to the corresponding subtorus 
in V d (A). In equations, V d (A) = {A G C | rankA (1) (A) < n - d}, where A {1) 
is the linearized Alexander matrix of G, see [8] (and also [23]). The variety 
V d (A) (and thus, V d (A), too) admits a completely combinatorial description, 
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as follows. 



The d th resonance variety of a space X is the set TZd(X) of cohomology classes 
A G C) for which there is a subspace W C ^(X, C), of dimension d+1, 

such that A U W = (see [23]). In other words, 

Tl d {X) = {A | dim// 1 (//*(X,C),A) > d}. 

The resonance varieties of an arrangement, 72.^(^4.) := TZd{X(A)), were intro- 
duced and studied in [11]. It turns out that Vd(A) = TZd(A), see [8], [18] for 
two different proofs, and [4], [19] for recent generalizations. 

As seen above, the top resonance variety is the union of a subspace arrange- 
ment: TZ^A) = Ci U • • • U C r . It is also known that dimC; > 2, d H Cj = {0} 
for % ^ j, and TZd(A) = {0} U UdimCi>d+i see [20]. For each 7 e 7v2(^) with 
|/| > 3, there is a /oca/ component, C/ = {A | J2i A« = and Aj = for i I}. 
Note that dim Cj = |/| — 1, and thus Cj C 1Z\i\- 2 (A). 

The non-local components also admit a description purely in terms of £(.4.), 
see [11], [20]. A partition P = (pi | • • • | p q ) of n is called neighborly if, for all 
/ G L 2 (A), the following holds: |pj fl I\ > \I\ — 1 I C Pj. To a neighborly 
partition P, there corresponds a subspace 

c P = {A|^A l = o}nn{A|E^ = °} ) 

i I iel 

where I ranges over all vertex sets not contained in a single block of P. Results 
of [20] imply that, if dimCp > 2, then Cp is a component of IZi(A). All the 
components of TZi(A) arise in this fashion from neighborly partitions of sub- 
arrangements of A. 

This completes the combinatorial description of Vd(A) = TZd(A), and thus, 
that of V d (A). 



2.4 Decones and linearly fibered extensions 

We conclude this section with two constructions which simplify in many in- 
stances the computation of the characteristic varieties of an arrangement. 

The first construction associates to a central arrangement A = {Hi, . . . , H n } 
in C^, an affine arrangement, A*, of n — 1 hyperplanes in C^" 1 , called a decone 
of A. Let Q be a defining polynomial for A. Choose coordinates (z±, . . . , zi) in 
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C e so that H n = ker(^). Then, Q* — Q(z±, . . . , Z£-i, 1) is a defining polynomial 
for A*, and X(A) = X(A*)xC*, see [25]. It follows that: 

V d (A) = {te (C*) n | (h, . . .,* n _x) G V d (A*) and h---t n = 1}, 

and so the computation of V d (A) reduces to that of V d (A*), see [8]. 

The second construction associates to an afline arrangement, A, in C 2 , a 
linearly fibered arrangement, A, also in C 2 , called a big arrangement as- 
sociated to A. The construction depends on the choice of a linear projec- 
tion p : C 2 — > C, for which no line of .4. coincides with p -1 (point). Let 
Hi, ... , H n be the lines of A, let vi, . . . , v s be their intersection points, and 
let {wi, . . . ,w r } = p({vi, . . . ,v s }). Then A = A U {H n+1 , . . .,H n+r }, where 



H 



n+j 



p (wj). The restriction p : X — > C \ {wi, . . . ,if r } is a (linear) fi- 
bration, with fiber C \ {n points}. The monodromy generators, a r 
may be found using a slight modification of the algorithm from [6] (see also 
[3]). Deform p to a generic projection p : C 2 — > C, and let cei, . . . , a s be the 
corresponding braid monodromy generators. Then, ctj = Y[ P (v k )=wj a k- The 
fundamental group of A is the semidirect product G = ¥ n x s F r , with presen- 
tation 



G = (xi, ...,x n ,yi,...,y r \ xf = a^Xi)). 



(2) 



Given an arrangement B so that B = A, the presentation (2) of ni(X(A)) = G 
is often simpler to use than the presentation (1), obtained from the gen- 
eral braid monodromy algorithm applied directly to B. In particular, if we 
pick {ti, . . . , t n+r } = {xi, . . . , x n , yi, ... , y r } ah as basis for Hi{G) = Z n+r , the 
Alexander matrix of G has the block form 



^ id — t n+ i ■ 0(«i) di ■ ■ ■ ^ 



id — t n+r ■ 6(o; r ) • ■ ■ di j 



(3) 



where 6 : P n 
di = (ti-l ■ 



-> GL(n,Z[tf l , . . . ,t^ 1 ]) is the Gassner representation, and 
t n - 1) T , see [7, §3.9]. 



3 Warm-up Examples 



We continue with some relatively simple examples of hyperplane arrangements 
and their characteristic varieties. These examples, which illustrate the above 
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(a) Decone .A3 (b) Matroid and torus II (c) Characteristic varieties 

Fig. 2. The braid arrangement A3 




(a) Decone AT* (b) Characteristic varieties of M 



Fig. 3. The non-Fano arrangement N 

discussion, will be useful in understanding subsequent, more complicated ex- 
amples. 

Example 3.1 Let A3 be the braid arrangement in C 3 , with defining poly- 
nomial Q = xyzix — y)[x — z)(y — z). The decone .4.3, obtained by setting 
z — 1, is depicted in Figure 2(a). Note that .4.3 = A, where A consists of 
the lines marked 1,2,3. Thus, .A3 is fiber-type, with exponents {1,2,3}, and 
Q* = F 3 Xq. F 2 , where a x = A 12 , a 2 = A 13 (of course, G = P 4 = G* x Z). 

The resonance and characteristic varieties of .A3 were computed in [11], [18], 
[8]. The variety Vi(.A3) C (C*) 6 has 4 local components, corresponding to the 
triple points 124, 135, 236, 456, and one essential component, corresponding to 
the neighborly partition (16 1 25 1 34) : 

n = {( s , t, (sty 1 , (st)-\ t,s)\ s ,te c*}, 

see Figure 2(b). The components of V\ meet only at 1. Moreover, V 2 — ■ ■ • — 
Vq = {1}. The intersection poset of the characteristic varieties of .A3 is depicted 
in Figure 2(c). The poset is ranked by dimension (indicated by relative height), 
and filtered according to depth in the characteristic tower (indicated by color: 
V\ in black, V 2 in white). 

Example 3.2 A realization of the non-Fano plane is the arrangement A/", 
with defining polynomial Q = xyz[x — y){x — z)(y — z)(x + y — z). A decone 
Af* is depicted in Figure 3(a). 
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(a) Decone B% 



(b) Characteristic varieties of B% 



Fig. 4. The B3 reflection arrangement 

The characteristic varieties of M were computed in [8] (see also [21]). The 
variety V\ C (C*) 7 has 6 local components, corresponding to triple points, 
and 3 non-local components, III = II(25|36|47), Tl 2 = n(17|26|35), n 3 = 
Il(14|23|56), corresponding to braid sub-arrangements. The local components 
meet only at 1, but the non-local components also meet at the point p = 
(1, —1, —1, 1, —1, —1, 1). The variety V 2 = {l,p} is a discrete algebraic sub- 
group of (C*) 7 , isomorphic to Z 2 . The characteristic intersection poset of M 
is depicted in Figure 3(b). 

Example 3.3 Let B% be the reflection arrangement of type B 3 , with defining 
polynomial Q = xyz(x — y)(x — z)(y — z){x — y — z)(x — y + z)(x + y — z). 
A decone is shown in Figure 4(a). Note that £>g = A, where A consists of 
the lines marked 1, . . . , 5. Thus, B 3 is fiber-type, with exponents {1,3, 5}, and 
G* = F 5 F 3 , where a, = A 2U , a 2 = < 24Aa M 25 , a 3 = A^ M \ 

A computation with Fox derivatives, using the techniques from §2, shows that 
the characteristic variety V\ C (C*) 9 has 19 components: 

• 7 local components, corresponding to 4 triple points and 3 quadruple points. 

• 11 components corresponding to braid sub-arrangements. 

• 1 essential, 2-dimensional component, corresponding to the neighborly par- 
tition (156|248|379), identified in [11], Example 4.6: 

r = {(t, s, (st)" 2 , s, t, t\ (St)' 1 , s\ (St)' 1 ) \s,te C*}. 

Three triples of braid components meet T on V 2 , at the points 

Pl = (1, -1, 1, -1, 1, 1, -1, 1, -1), p 2 = (-1, 1, 1, 1, -1, 1, -1, 1, -1), 

and pip 2 . The variety V 2 consists of three 3-dimensional tori (corresponding to 
quadruple points), together with the discrete subgroup Z 2 , = {1, pi, p 2 , pip 2 }. 
The characteristic intersection poset of B3 is depicted in Figure 4(b). 
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1 2 _ r i 
(a) Decone V* (b) Matroid of V and parametrization of C 



Fig. 5. The deleted B3 arrangement V 
4 Positive-dimensional translated tori 



We now come to our basic example of a complex hyperplane arrangement 
whose top characteristic variety contains a positive-dimensional translated 
component. 

Example 4.1 Let T> be the arrangement obtained from the B 3 reflection ar- 
rangement by deleting the plane x + y — z = 0. A defining polynomial for T> is 
Q = xyz (x — y)(x — z)(y — z)(x — y — z)( y x — y + z). The decone V* , obtained by 
setting z — 1, is depicted in Figure 5(a). Note that V* = A, where A consists 
of the lines marked 1, ... ,4. Thus, T> is fiber-type, with exponents {1,3,4}, 
and G* = F 4 x a F 3 , where a x = A 23 , a 2 = AffA 24 , a 3 = A^\ 

The Alexander matrix of G*, given by (3), is row-equivalent to 



/ 



1 - 1 5 








t 5 (t 3 - 1) 

1 -*5 







1 - t 2 t 5 
t 2 (l-t 5 ) 





t 6 (t3 - 1) (*3 - l)(tl*6 - 1) *2(1 - tlt 6 ) 
1-te tl(*3-l)(*6-l) *l*2(l-*6) 



t 6 (*4 - 1) 

l-te 

t 7 (U - 1) (*4 - 1)(M7 - 1) 
l-*7 *l(l-*7) 

1 -t 7 











l-*7 







1 -*5 




1 - *2*6 

t 2 (l-t 6 ) 

t 2 (l-t 1 t 7 ) 
ht 2 (l-t 7 ) 


(t3 - 1)(1 - t 7 ) 



ti - 1 

t 3 - 1 

i 2 i 3 - 1 

t 4 - 1 

*3 - 1 

tit 3 - 1 

t 4 - 1 

t 2 *4 - 1 

t 4 - 1 

tlt 2 *4 - 1 

t 2 - 1 

t 4 (t 3 - 1) J 



Now recall that V^i(P) = {t G (C*) 8 | (ti, . . . ,t 7 ) G Vip*) and t x • • -t 8 = 1}, 
where V\{T>*) is the sub- variety of (C*) 7 defined by the ideal of 6 x 6 minors 
of the matrix A. Computing the primary decomposition of that ideal reveals 
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1 Pi P2 





Ac/ 


1 ▲ 4 < 





n x n x n 2 n 3 n 4 n 5 

Fig. 6. The characteristic varieties of V 

that the variety V\{V) has 13 components: 

• 7 local components, corresponding to 6 triple points and one quadruple 
point. 

• 5 non-local components passing through 1, corresponding to braid sub- 
arrangements: III = n(15|26|38), II 2 = n(28|36|45), n 3 = n(14|23|68), 
n 4 = n(16|27|48), n 5 = n(18|37|46). 

• 1 essential component, which does not pass through 1. This component is 
1-dimensional, and is parametrized by 

c = {(t, -r\ -t~\t, t 2 , -l, r 2 , -l) 1 1 e C*}. 

(Note that the translated torus C is one of the two connected components of 
rn {t 3 = 1}.) The braid components of V\{T>) meet C at the points 

Pl = n x n n 2 n n 3 n c = (1, -1, -1, 1, 1, -1, 1, -1), 
ft =n 3 nn 4 nn 5 nc = (-1, 1, 1, -1, 1, -1, 1, -1), 



both of which belong to V2(T>). The characteristic intersection poset of T> is 
depicted in Figure 6. 

As noted in the Introduction, this example answers Problem 5.1 in [21]. It also 
answers Problems 5.2 and 5.3 in [21]. Indeed, let A = (|, |, |, |, |, — |, — |, — |). 
Clearly, A, and all its integral translates, do not belong to TZi(V), because all 
components of 1Zi(V) are non-essential. Hence, H 1 (H*(X, C), A + N) = 0, 
for all iV G Z 8 . On the other hand, t := exp(A) = (i, i, i, i, — 1, — 1, — 1, — 1) 
belongs to C, and thus dimif 1 (X, C t ) = 1. 

Finally, this example also answers in the negative Conjecture 4.4 from [20], at 
least in its strong form. Indeed, there are infinitely many t = exp(A) G C for 
which 

1 = dimtf^Ct) ^ sup dim# 1 (/T(X,C),A + AO = 0. 
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Fig. 7. The Grunbaum arrangement A2(10) 
5 Further examples 

In this section, we give a few more examples that illustrate the nature of 
translated components in the characteristic varieties of arrangements. 

Example 5.1 Let A = A2(10) be the simplicial arrangement from the list in 
Grunbaum [14]. A defining polynomial for A is Q = xyz(y — x)(y + x)(2y — 
z)(y — x — z)(y — x + z)(y + x + z)(y + x — z). Figure 7 shows a decone A*, 
together with the characteristic intersection poset of A. The variety V\(A) has 
33 components: 

• 10 local components, corresponding to 7 triple and 3 quadruple points. 

• 17 non-local components corresponding to braid sub- arrangements. 

• 1 non-local component, Y = r ( 1 5 1 1 248 1 3 79 ) , corresponding to a £> 3 sub- 
arrangement. 

• 3 components that do not pass through the origin, C\ = C(134568910), C2 = 
(7(234568910), C3 = (7(345678910), corresponding to T> sub-arrangements. 

• 2 isolated points of order 6, ( = (r) 2 ,r) 2 ,r),r) 2 ,r) 2 , — 1, 77 s , 77, ?7 2 , 77) and 
where i] = e 7 ™/ 3 '. 

Note that all positive-dimensional components of Vi (-4.) are non-essential, 
whereas the two 0-dimensional components are essential. The non-local com- 
ponents meet at 7 isolated points of order 2, belonging to V 2 (A): 

Pl = (1, 1, -1, -1, 1, 1, 1, -1, -1, 1), p 2 = (1, 1, -1, 1, -1, 1, 1, 1, -1, "I), 
p 3 = ("I, -1, 1, "I, -1, 1, 1, 1, 1, 1), P4 = ("I, 1, 1, 1, -1, 1, -1, 1, "I, 1), 

P1P2, P3p4, and C 3 - 

Example 5.2 Consider the arrangements T\ and JF 2 , with defining polyno- 
mials Qi — (x — y — z)Q and Q2 = (x — y — 2z)Q, where Q = xyz(x — y)(y — 
z) (x — z) (x — 2z) (x — 3z) . This pair of arrangements was introduced by Falk 
in [10]. Their decones and characteristic varieties are depicted in Figure 8. 
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Fig. 10. The Ziegler fiber-type arrangement Zi 

Both arrangements are fiber-type, with exponents {1,4,4}. Thus, by the LCS 
formula of Falk and Randell (see [25]), the ranks, (f>k(G) := rankgr fc (G), of the 
lower central series quotients of the two groups are the same. As noted in [5], 
though, the ranks, 6k{G) := rankgr fe (G/G"), of the Chen groups are different: 
0*(G(.Fi)) = \{k - l)(k 2 + 3A; + 24) and 9 k (G(F 2 )) = \{k - l)(k 2 + ?>k + 22), 
for k > 4. Moreover, as noted in [11], the resonance varieties of the two 
arrangements are not isomorphic, even as abstract varieties: TZi(J-'i) has 12 
components, whereas TZi(J-2) has 11 components. An even more pronounced 
difference shows up in the characteristic varieties: Vi(J-'i) has a 13 th component 
(corresponding to a sub-arrangement isomorphic to V), which does not pass 
through the origin. 

Example 5.3 Consider the arrangements Z\ and 2 2 , with defining polyno- 
mials Q\ = (x — y — 2z)Q and Q2 = (x — y — 3z)Q, where Q = xyz(x — y)(y — 
z) (x — z) (x — 2z) (x — 3z) (x — Az) (x — 5z) (x — y — z)(x — y — 4z) . This pair of 
arrangements was introduced by Ziegler [27]. Their decones and characteristic 
varieties are depicted in Figures 9 and 10. 
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Both arrangements are fiber-type, with exponents {1,6, 6}; thus, (f>k(G(Zi)) = 
(f>k(G{Z 2 )). Even more, the ranks of the Chen groups are the same: Q\ = 13, 
2 = 30, # 3 = 140, and 6 k = ±(k - l)(k 4 + 10k 3 + 47k 2 + 86A; + 696), for 
k > 4. Moreover, IZi(Zi) = 1Zi(Z 2 ) (as varieties), although one may show, 
by a rather long calculation of the respective polymatroids, that there is no 
linear isomorphism C 13 — > C 13 taking 1Z\(Zi) to 1Zi(Z 2 ). 

On the other hand, the two groups can be distinguished numerically by their 
characteristic varieties: V\[Z\) has 32 components, whereas V\(Z 2 ) has 31 com- 
ponents. Both varieties have 11 local components (corresponding to 9 triple 
points, 1 quintuple point, and 1 septuple point), and 18 components corre- 
sponding to braid sub-arrangements. In addition, both varieties have compo- 
nents which do not pass through 1, corresponding to T> sub-arrangements: 
Vi(Zi) has 3 such components, V\(Z 2 ) has only 2. 



6 Concluding remarks 

We conclude with a few questions raised by the above examples. 

Let A be an arrangement of n complex hyperplanes, and let Vd(A) C (C*) n 
(1 < d < n) be its characteristic varieties. 

Question 6.1 Are the translated components ofVd(A) combinatorially deter- 
mined? 

This problem was posed in [8] and [21], before the existence of translated com- 
ponents in Vi(A) was known. Recall that V d (A) — the union of the components 
of Vd{A) passing through the identity of the torus (C*) n — is combinatorially 
determined. If Vd{A) ^ Vd{A) (as in the examples from §§4-5), the question 
is whether Vd(A) \ Vd(A) is also determined by the intersection lattice of A. 

Question 6.2 What are the possible dimensions of the translated components 
ofVd(A)? 

The (positive-dimensional) components passing through the origin must have 
dimension at least 2, and all dimensions between 2 and n — 1 can be realized. 
On the other hand, at least in the examples we gave here, the components 
not passing through 1 have dimension either or 1. The question is whether 
V d (A) \ Vd(A) can have higher- dimensional components. 

Question 6.3 What are the possible orders of translation of the components 
ofVd(A)? 

In our examples, the components not passing through the origin are translated 
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by characters of order 2 or 6. The question is whether other orders of trans- 
lation can occur. Furthermore, one may ask (as a weak form of Question 6.1) 
whether the orders of translation are combinatorially determined. We know of 
a combinatorial upper bound on the lowest common multiple of these orders, 
but do not know when this bound is attained. 
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